Control delay is the primary measure for determination of the level of service of signalized intersections. The existing analytical delay models usually work well for isolated intersections, but are not as effective when applied to diamond interchanges. The limited storage space between the two closely spaced intersections of a diamond interchange may cause queue spillback from the internal link to the outside roads. This property would give rise to unrealistic delay calculations for diamond interchanges with high traffic volumes. This paper describes the development of a new analytical delay model that takes into account the effects of internal queue spillback at diamond interchanges. Simulation studies are conducted to compare the effectiveness of the proposed approach with existing methods. The study shows that for low-overlap time conditions, the proposed model tends to agree with the Synchro and VisSim simulations and is better than Elefteriadou's method, which tends to overpredict delay. For high overlaps, the Elefteriadou method, VisSim simulation, and the proposed model tend to agree, while Synchro diverges significantly by overestimating delay. The study contributes to the literature and practice by providing an open-source analytical model that can either be used as a stand-alone delay calculation model or as a supplement to the existing methods.
Control delay is the primary measure for determination of the level of service of signalized intersections. Simulation methods (1) are advantageous in conducting "what if" studies and testing the scenarios and phenomena that may not occur or are hard to capture in the field. Nonetheless, simulation approaches are usually less effective in providing generalized results. For that reason, a combined analytical and simulation approach would be ideal for developing control delay models.
In the past several decades, mathematical models for calculating (signalized) intersection delay have been studied extensively by numerous researchers. Notable works include, but are not limited to, Beckmann et al. (2) and Webster (3) , who developed and tested through simulation their fundamental delay models, and van Zuylen and Viti (4), who provided comprehensive summaries of analytical delay models and improved some of them. Currently, the commonly used method is described in Chapter 16 of the Highway Capacity and employed in traffic analysis tools. Elefteriadou et al. (13) introduced a method, dubbed the Elefteriadou model in this paper, to address this issue. However, this study finds that it tends to overestimate delay at low overlaps. Synchro 7 also introduced a new series of traffic analysis tools (called Queue Interactions) that looks at how queues may reduce capacity through spillback, starvation, and storage blocking between lane groups. A new queue-delay factor is introduced to measure the additional delay incurred by the capacity reduction due to queues on short links. The new models are used for delay calculation of diamond interchanges by Synchro 7, but the specifics of this model were not published. This study finds that Synchro significantly overestimates delay for high overlaps. The motive and objective of this study is to provide an open-source and accurate analytical delay formulation model for better operation of diamond interchanges under oversaturated conditions. To this end, an analytical model was developed with a focus on taking into account the effect of internal spillback on the external movements. Since the effects on the arterial through movements and ramp left-turn movements are similar, the study emphasized the delay of the arterial through movements under the TTI four-phase operation. The analysis reveals that the impact of internal spillback on delay varies depending on several variables, including the signal timing, the arrival traffic flow rate of the arterial, the saturation flow rates of the upstream and downstream intersections, the length of the initial internal queue, and the distance of the internal space.
The proposed delay formulation model and the modification of the HCM 2000 model are described in detail in the following section. The new model was developed on the basis of the classified traffic movement modes and the calculation of the lost green time and effective green time. All three delays, namely, uniform control delay, incremental delay, and total control delay per vehicle, are predicted.
NEW ANALYTICAL DELAY MODEL FOR EXTERNAL MOVEMENTS OF DIAMOND INTERCHANGES

Classification of Traffic Movement Modes and Calculation of Lost Green Time
In order to calculate lost green time, external traffic movements are classified into two modes. Mode 1 represents the case in which the traffic volume moving through the upstream intersection during the overlap interval is less than the capacity of the internal space ( Figure 5) ; Mode 2 represents the case in which the traffic moving through the upstream intersection during the overlap interval is more than the internal space can contain ( Figure 6 ). Calculation of the lost green time of these two traffic movement modes is introduced in the following two subsections.
Traffic Movement Mode 1
The traffic volume (per lane) moving through the upstream intersection during the overlap time is calculated by the following formula:
where V O-E = lane-based traffic volume moving through upstream intersection during overlap time, o = overlap time of external arterial movement, r = red time per cycle for external arterial through movement, q = arrival flow rate of external arterial through movement, n = number of lanes of the lane group for external arterial through movement, and s = saturated flow rate of external arterial through movement.
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FIGURE 4 Spillback at diamond interchange.
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FIGURE 5 Spillback occurs after overlap time.
Thus, traffic movement Mode 1 occurs when the following inequality is met:
where L is the average length of space occupied by one vehicle in the queue, and I ′ is the distance between the upstream intersection and the end of the internal queue. In addition where I is the length of the internal space of the subject diamond intersection, and Q IL is the length of the queue remaining in the internal space at the end of the last green time.
The through movement of the external arterial street will not be blocked in its green phase until the internal space overflows. Therefore, for traffic movement Mode 1, the external green time before the through movement of the external arterial street is blocked by the internal spillback is longer than the overlap time and is equal to the time needed to fill the internal space, which is expressed by the following formula:
where g 1 is the green time of the external arterial before it is blocked by the internal queue.
Since g 1 could not be longer than the green time of the external arterial movement (g), Equation 4 is adjusted:
During the time interval of g 1 − o, the vehicles in the internal space are discharged through the downstream intersection while the external traffic enters the internal space from the upstream intersection. Therefore, the internal queue length at the end of g 1 is 
where Q L is the internal queue length at the end of g 1 , and s d is the saturated discharging traffic flow rate of the downstream intersection. T I is the time needed to discharge the internal queue (Q L ):
To realistically calculate delay, the effect of the time needed for a vehicle to travel the internal space should be considered, so the lost green time is calculated by the following formula:
where b is the lost green time because of internal spillback, and T IT is the average time needed for a vehicle to travel the internal space. The green time of the external arterial after being blocked (g 2 ) is denoted by If b = 0, then g 1 = g and g 2 = 0.
Traffic Movement Mode 2
Traffic movement Mode 2 occurs when the following inequality is met:
For traffic movement Mode 2, g 1 and g 2 are calculated by using Equations 5 and 9, respectively, while lost green time b is denoted by
Calculation of Effective Green Time and Effective Volume-to-Capacity Ratio
With the lost green time b calculated, the effective green time of the arterial through movement (g′) is obtained by the following formula:
Since the green time is decreased from g to g′, the capacity and volume-to-capacity (v/c) ratio of the lane group are changed.
where c′ is the effective capacity of the lane group for the through movement of the external arterial street, and c is the capacity of the lane group for the through movement of the arterial street, which is c s n g C
3 600 11 where C is the cycle length of the signal. The effective v/c ratio of the through movement of the external arterial street is then X′:
Calculation of Uniform Delay
This section describes the modification of the delay model in Chapter 16 of the HCM 2000 to reflect the effect of queue spillback at diamond interchanges. The modification is based on the changed values of the effective green time and v/c ratio of the through movement on the external arterial street.
According to the analysis above, the total green time for the through movement of the external arterial street is divided into two parts with regard to the effective green time (the second effective green time may be zero) due to the internal spillback. Thus, the delay for uniform arrivals (d 1 ) is calculated by using the following process.
If g where Q 1 is the queue length of the through movement on the external arterial street at the beginning of the green time.
If (r + g 1 ) ⅐ q′ ≥ g 1 ⅐ s, then the external queue is not cleared at the end of g 1 .
where Q 2 is the queue length of the external arterial street at the end of g 1 .
where Q 3 is the queue length of the external arterial street at the beginning of g 2 .
Else, the external queue is cleared at the end of g 1 . 
min ,
If Q 3 > g 2 ⅐ (s − q′), the external queue is not cleared at the end of g 2 . This is the situation shown in Figure 7 , which can be considered as an equivalent of the situation depicted in Figure 8 . where PF = uniform delay progression adjustment factor, which accounts for effects of signal progression; P = proportion of vehicles arriving during green time; and f PA = supplemental adjustment factor for a platoon arriving during green time.
Equation 22 shows the derivation of incremental delay (d 2 ), which accounts for the effect of random arrivals and oversaturation queues, adjusted for duration of the analysis period and type of signal control. This delay component assumes there is no initial queue for the lane group at the start of the analysis period. Figure 9 .
EFFECTIVENESS OF NEW MODEL
This section describes the test of effectiveness of the new delay model. Owing to the difficulty of reproducing the studied cases in the field, VisSim simulation was used to develop the scenarios and compare the performance of the proposed model with the Elefteriadou Figure 10 ). The simulation model used in the test was adapted from a previously developed simulation to evaluate the performance of diamond and X-pattern interchanges in Texas. Details about the development and calibration of the simulation model are beyond the scope of the present paper but are available elsewhere (14) . Different overlap time scenarios were developed, which, in concert with two hypothetical traffic demand profiles representing moderate and congested traffic conditions, have produced various internal queue situations for the analysis. The internal space of the subject diamond interchange is 280 ft, and the signal runs the TTI four-phase plan. The control delay of the through movement on the northbound arterial street (Phase 3 in Figure 11 ) was estimated by using the new model, Synchro 7, and the Elefteriadou model. The results from these three methods were compared with the simulation results. Two traffic flow rates, 1,577 veh/h and 2,000 veh/h, were used to examine the performance of the models under normal and high traffic volumes. For each traffic flow rate, nine overlap time scenarios varying from 5 s to 45 s with a step increment of 5 s were applied in the TTI four-phase signal operation. This was intended to produce enough internal queue cases for the test of model performance under various overlap intervals. Table 1 provides the data collected in the experimental study.
As shown in Figures 12 and 13 , the control delay estimated by the new model is very close to the simulated results as compared to the values estimated by the Synchro 7 and Elefteriadou models. At the flow rate of 1,577 veh/h, the differences between the delay predicted by the three methods and the simulation are as follows. It can also be found from Figures 12 and 13 that, with the overlap time increased from 5 s to 45 s, the trend of the estimated control delay by the new model is consistent with the trend of simulated results, while the estimations by Synchro 7 and the Elefteriadou model vary depending on low and high overlap times. It appears that for low overlaps, the Elefteriadou method tends to overpredict delay, while the new model, Synchro, and VisSim simulation tend to agree. For high overlaps, however, the new model, Elefteriadou's method, and VisSim simulation tend to agree, while Synchro diverges significantly by overestimating delay.
CONCLUSIONS
An analytical model for calculating control delay of diamond interchanges with consideration of the effect of internal queue spillback was developed. The performance of the new model was examined in traffic simulation and compared with existing methods. The study shows that for low overlaps, the proposed model tends to agree with Synchro and VisSim simulations and is better than Elefteriadou's method, which tends to overpredict delay. For high overlaps, Elefteriadou's method, VisSim simulation, and the proposed model tend to agree, while Synchro diverges significantly by overestimating delay. The proposed methodological approach, along with the detailed derivation of the formulas and the carefully designed calculation flowchart, will be helpful for researchers and practitioners to further study and effectively operate diamond interchanges.
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